With the energy surface of the nucleus in U(5) symmetry being analyzed in the framework of thermodynamics, the vibration and rotation phase diagram in terms of the angular momentum and deformation parameter is given. Together with examining the energy spectrum, we propose a theoretical approach to describe the vibrational to axially rotational phase transition along the yrast line. By analyzing the available experimental data we show that the vibrational to rotational shape phase transition along the yrast line takes place in many nuclei.
It has been well known that shape phase transition is one of the most significant topics in nuclear structure research. Many evidences of nuclear shape phase transition have been observed. For instance, in several isotopes, there exists shape phase transition from vibration to axial rotation or γ-unstable rotation with respect to the variation of neutron number [1] , and a triple point may appear [2, 3] . Even in one mode of collective motion there may involve different characteristics, for example, along the yrast line there exists transition between rotations holding different relations between angular momentum and rotational frequency (referred to as band crossing and exhibiting a backbending) [4] .
Very recently it was found that there involves evolution from vibration to rotation along the yrast line of a nucleus [5] . On the theoretical side, the interacting boson model (IBM) has been shown to be successful in describing the shape phase transition along a series of isotopes [1, 6] . And analytic solutions for the critical points of the phase transitions have been found [7, 8, 9] . The cranked shell model (CSM) [10] has been known to be able to describe the band crossing very well. However, a theoretical approach to describe the shape phase transition from vibration to rotation along the yrast line in a nucleus has not yet been established. Especially the phase diagram in terms of the angular momentum and the deformation parameter has not yet been obtained. Even so, the energy level statistics analysis has shown that the states in the U(5) symmetry with A < 0 involve the coexistence of vibrational and axially rotational shapes [11] . By analyzing the energy surface and the energy spectrum of the U(5) symmetry, we will show that the U (5) symmetry with a special choice of parameters can be an approach to describe the shape phase transition along the yrast line and such kind phase transition takes place in many nuclei.
In the original version of the IBM (IBM1), the collective states of nuclei are described by the coherent states of s-and d-bosons. The corresponding dynamical group is U(6), and involves three dynamical symmetry limits U(5), O(6) and SU (3) . Taking into account one-and two-body interactions among the bosons, one has the Hamiltonian of the nucleus in U(5) symmetry as [1] 
where C kG is the k-rank Casimir operator of the group G and the parameters hold relation
Making use of the coherent state formalism [12, 13, 14] of the IBM, one can express the energy functional for the U(5) Hamiltonian as
where β is a monotonous function of the usual deformation parameter (for example, for the rare earth nuclei, the usual quadrupole deformation parameter β 2 and the β hold relation β 2 ≈ 0.16β [1] ) and the ε can be expressed in terms of the parameters in Eq. (1) as ε = ε d + 5A + 4B + 6C. If β 2 is small (less than one), Eq. (2) can be rewritten as
On the basis that the "deformation parameter" β is a quantity to characterize the shape of a nucleus, one can take the β as the order parameter to identify the nuclear shape phase transition.
In the general framework of Landau's phase transition theory [15] , it has been pointed out that, if the Landau free energy F (T, ξ) can be expressed as
where T is the control quantity, ξ is the order parameter, α is a constant. It has been known that, if the other coefficients which depend also on the control quantity T hold relation g 4 < 0, g 6 > 0, the system may involve a first order phase transition [16] .
For a nucleus involving vibration to rotation phase transition along the yrast line, the control quantity is the angular momentum L. Comparing Eq. (3) with Eq. (4), we
propose that the Eq. (3) can be rewritten as
where AN(N − 1) relies also on the control quantity L. It is evident that, if α < 0 exists an angular momentum L 0 with which the
with which the free energy involves one maximum and two equal minima, one of which is generated at β = 0, another corresponds to β = 0. There exists also a maximal angular momentum is definitely the critical angular momentum for the phase transition from vibration to rotation to happen. In addition, if L ≥ L max , the nucleus will collapse. We obtain then explicitly how the stable phase of a nucleus is determined by the angular momentum and the "deformation parameter". The phase diagram in terms of the angular momentum L and the "deformation parameter" β can thus be displayed in Fig. 2 . We reach thus a conclusion that the U(5) symmetry with A < 0 can describe well the vibrational to rotational nuclear shape phase transition along the yrast line. And the transition is a first order phase transition. Even if A > 0, the first order phase transition may also happen in the system if the interaction strengths satisfy the constraint mentioned above.
It manifests that, the vibrational to rotational phase transition along the yrast line can take place in the nucleus holding the U(5) symmetry in IBM1.
On the phenomenological side, the energy spectrum of a nucleus in U(5) symmetry can be given as
where 
where N 0 = N with N being the total boson number. As the angular momentum L ≥ L c , the yrast states are no longer the anharmonic vibrational ones mentioned above, but the quasi-rotational ones with τ = n d = N 0 . It indicates that the U(5) symmetry with parameters A < 0 and B < 0 may describe the vibrational to rotational phase transition along the yrast line. The L c given in Eq. (7) is the critical angular momentum. For each yrast state with angular momentum L ≤ L c , its energy can be given as
and can be illustrated as a part of an upper-convex parabola. Whereas for the one with angular momentum L > L c , its energy should be expressed as
and can be displayed as a part of an upper-concave parabola. (7) we can fix the critical angular momentum L c = 8h. The energy of the yrast states against the angular momentum L can be illustrated in the left panel of Fig. 3 . It has been known that the energy of E2 transition γ-ray over spin (E-
can be taken as a quite good signature to manifest the vibrational to axially rotational phase transition along the yrast line [5] . As an auxiliary evidence, we show also the E-GOS of the yrast states with these parameters in the right panel of Fig. 3 . The figure indicates apparently that the yrast states involve a vibrational to axially rotational phase transition and the angular momentum L c is definitely the critical point for the phase transition to take place. Such a transition is quite similar to that between the states with n p = 0 and n p = N [18] in the vibron model [19, 20] with random interactions.
In the case A < 0, B > 0 or A > 0, B < 0, there may exist a critical angular momentum L c with We have analyzed the available experimental data of the yrast states of the nuclei with 30 ≤ Z ≤ 100 and simulated the data with least-square fitting in our present approach.
Both the experimental data [21, 22, 23, 24, 25, 26, 27, 28, 29] and the best fitted energy spectra of the yrast states in some even-even nuclei are illustrated in Fig. 4 (the other data are available if required). It shows obviously that, besides the ones identified in the A ∼ 110 mass region [5] , there exist vibrational to axially rotational phase transition 
